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Abstract 

We consider the 𝑞1, 𝑞2-deformed formalism constructed with some elements of Fibonacci calculus to study the 

1D infinite potential box problem where 1-D Schr�̈� dineer euuation is reframed with well-known modified 

Fibonacci difference operator and has been solved usine u-series solution method. In order to do it, at first, 

all the selective but essential basics are displayed one by one and 𝑞1, 𝑞2-deformed trieonometric functions 

have been plotted to review and understand the deformed quantum mechanical framework. Hence, on the basis 

of two parameter deformed algebra, wave functions associated with the particle confined inside the infinite 

potential box has been obtained. The normalized wave functions and energy expressions have also been 

obtained for 𝑞1 = 𝜉, 𝑞2 = −1 𝜉⁄ . It is found that all the expressions can be reduced to their conventional form 

within the limit 𝑞1 → 1, 𝑎𝑛𝑑 𝑞2 → 1. 

Keywords: 𝑞1, 𝑞2 -deformed formalism, Fibonacci calculus, 1D infinite potential box, modified Fibonacci 

difference operator. 

 

1. Introduction  

Quantum calculus, called as q-calculus is an 

unconventional type of calculus which has no need to 

use the concept of limit [1-3]. Thus, q-calculus can 

explore the microscopical physical phenomenon in a 

more straightforward mathematical framework that 

describe a physical system in simple and different 

way. It is also a matter of concern that till the last two- 

or three-decades mathematicians and physicist tried 

to develop several q-analogue theories in nearly all 

the field of physical science from statistical 

mechanics to astrophysics. Very recently, a number 

of problems in classical physics has also been studied 

in Jackson’s q-framework [4-10]. Even, as an 

extension, q-fractional non-linear biological 

population model can study an innovative q-analysis 

which is important to understand superconductivity 

and fiber optics [11]. As Jackson’s q-trigonometric 

functions are not periodic in general, it is difficult to 

model any physical system up to that mark what 

classical calculus can do. In order to overcome this 

situation several deformed frameworks have been 

introduced to model a number of quantum systems 

[12-15].  Recently, it is realized that q-calculus can 

study the physics of microscopic world which is 

complex and include many-body interaction to 

understand the nonlinear behavior with modified 

theories. Now a days, several novel theories has been 

introduced to describe some deformed versions of 

well-known quantum physical system by setting 

modified quantum mechanical postulates. All these 

approaches describe quantum mechanical oscillator 

problem with different particle algebra [9-17]. 

Motivated from the work as described in ref. [12,15-

19], we have studied infinite potential box problem 
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using two-parameter deformed calculus. It is also 

important to note that this problem being the very 

basic problem in quantum chemistry and 

mathematical physics can be explored further to 

study different types of potential problems linked to 

material science.  

1.1 Basics of q-calculus  

It is essential to introduce a few basics definitions of 

q-calculus to formulate the two-parameter deformed 

framework as described in [1-3,17]. However, the 

basic q-number is defined as, 

[𝛼]𝑞 =
𝑞𝑛 − 1

𝑞 − 1
, … (1) 

which is in accordance with the Jackson’s q-

derivative 

𝐷𝑞,𝑥 =
𝐹(𝑞𝑥) − 𝐹(𝑥)

(𝑞 − 1)𝑥
 . … (2) 

In that scenario, the one parameter 𝑞 -deformed 

Bosonic algebra follows relations 

𝐴𝐴† − 𝑞𝐴†𝐴 = 1 , 𝐴𝐴† = [�̂�]
𝑞

. … (3) 

Where A’s are quantum mechanical step operators. 

Here, it is important to note that as 𝑞 tends to 1 , both 

of these two reduces to their ordinary form. After 

that, symmetric calculus is introduced to define the q-

oscillator algebra in a new mathematical footing 

where the q-symmetric number was defined by, 

[𝛼]𝑞↔1 𝑞⁄ =
𝑞𝑛 − 𝑞−𝑛

𝑞 − 𝑞−1
 … (4) 

with the derivative, 

𝐷𝑞↔1 𝑞⁄ ,,𝑥 =
𝐹(𝑞𝑥) − 𝐹(𝑞−1𝑥)

(𝑞 − 𝑞−1)
 , … (5) 

And  

𝐴𝐴† − 𝑞𝐴†𝐴 = 𝑞−�̂�. … (6) 

1.2 Elementary Fibonacci Oscillator Algebras 

It is remarkable that different versions of 𝑞-deformed 

quantum mechanics has been introduced to develop a 

complete deformed theory as like as conventional 

quantum theory.  But theoretical studies using two-

parameter 𝑞-deformation remains a matter of active 

research till today. In this section, we shall review the 

bosonic as well as fermionic oscillator algebra as 

described in ref. [16, 17, 19] to establish the two-

parameter deformed framework to study the present 

problem. It is important to explain that, Fibonacci 

oscillators 𝐴𝑚 , and the corresponding quantum 

mechanical creation operator 𝐴𝑚
†

 follow the relations 

given by, 

[𝐴𝑚, 𝐴𝑛
† ] = 0, 𝑚 ≠ 𝑛,

  and  [𝐴𝑚, 𝐴𝑛] = 0,

  where, 𝑚, 𝑛 = 1,2,3, … … (7)

 

  

𝐴𝑚𝐴𝑚
† − 𝑞1

2𝐴𝑚
† 𝐴𝑚 = 𝑞2

2�̂�𝑚 , 

  𝐴𝑚𝐴𝑚
† − 𝑞2

2𝐴𝑚
† 𝐴𝑚 = 𝑞1

2�̂�𝑚 , 

and 𝐴𝑚
† 𝐴𝑚 = [�̂�𝑚] , 𝐴𝑚𝐴𝑚

† = [�̂�𝑚 + 1] … (8) 
 

Thus, the generalized Fibonacci integers as obtained 

from the spectrum of deformed bason number 

operators [�̂�𝑚] or in terms of 𝐴𝑚, 𝐴𝑛
†

 is found as 

 

[𝛼]𝑞1,𝑞2
= 𝐴𝑚𝐴𝑚

† =
𝑞1

2𝛼 − 𝑞2
2𝛼

𝑞1
2 − 𝑞2

2  … (9) 

For example, we calculate [𝛼]𝑞1,𝑞2
, for different 

values of 𝑞1, 𝑞2 and displayed in Table 1.  

Table 1  𝒒𝟏, 𝒒𝟐-Deformed Number with 

Correspondi- Ng Numerical Values 

[𝜶]𝒒𝟏,𝒒𝟐
 

Corresponding numerical value 

when 

 
𝒒𝟏 = 𝟎. 𝟓, 
𝒒𝟐 = 𝟏. 𝟓 

𝒒𝟏 = 𝟎. 𝟓, 
𝒒𝟐 = 𝟐.0 

𝒒𝟐 =
𝟏

𝒒𝟏

= 𝟏. 𝟔𝟏8 
 

[𝟎]𝒒𝟏,𝒒𝟐
 0.0000 0.0000 0.0000 

[𝟏]𝒒𝟏,𝒒𝟐
 1.0000 1.0000 1.0000 

[𝟐]𝒒𝟏,𝒒𝟐
 2.2525 4.2500 2.9999 

[𝟑]𝒒𝟏,𝒒𝟐
 5.0681 17.0625 7.9994 

[𝟒]𝒒𝟏,𝒒𝟐
 11.4033 68.2656 20.9976 

[𝟓]𝒒𝟏,𝒒𝟐
 25.6574 273.0664 54.9915 

[𝟔]𝒒𝟏,𝒒𝟐
 57.7292 1092.2666 143.9718 

[𝟕]𝒒𝟏,𝒒𝟐
 129.8906 4369.0666 376.9104 

[𝟖]𝒒𝟏,𝒒𝟐
 292.2540 17476.2666 986.7239 

[𝟗]𝒒𝟏,𝒒𝟐
 657.5715 69905.0666 2583.1687 

[𝟏𝟎]𝒒𝟏,𝒒𝟐
 1479.5358 279620.2666 6762.5396 

 

Now,  

bosonic as well as fermionic oscillator algebra 
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[𝛼]𝑞1,𝑞2
! = [1]𝑞1,𝑞2

× [2]𝑞1,𝑞2
× … × [𝛼]𝑞1,𝑞2

 .

… (10)
 

 

And, the 𝑞1, 𝑞2 −deformed addition law is defined as 
[𝛼 + 𝛽]𝑞1,𝑞2

= [𝛽]𝑞1,𝑞2
[𝛼 + 1]𝑞1,𝑞2

+[𝛼]𝑞1,𝑞2
[𝛽 + 1]𝑞1,𝑞2

− (𝑞1
2 + 𝑞2

2) . [𝛼]𝑞1,𝑞2
[𝛽]𝑞1,𝑞2

                                                                                     … (11)

 

 

In accordance with (9), first few generalized 

Fibonacci basic integers can be written as given in 

second column of Table 2. Setting, 𝑞1
2 + 𝑞2

2 =  𝜇, and 

𝜎 = −𝑞1
2𝑞2

2, generalized Fibonacci basic integers can 

also be written as displayed in third column of Table 

2. Interestingly, for 𝜇 =  𝜎 = 1, [𝛼]𝑞1,𝑞2
, reduces to 

the well-known Fibonacci sequence as (0,1,1,2,3…) 

as written in column 4 in the same table and hence the 

calculus is termed as Fibonacci calculus. Here, we 

consider, 𝑞1 ≠  𝑞2  , and both the two parameter 

belongs to ℝ+. 

In addition, the covariant Fibonacci oscillator algebra 

can be constructed as, 

𝐵𝑚𝐵𝑛 =  
𝑞1

𝑞2
𝐵𝑛𝐵𝑚, 𝑚 < 𝑛,

 𝐵𝑚𝐵𝑛
† =  𝑞1𝑞2𝐵𝑛

†𝐵𝑚, 𝑚 ≠ 𝑛 

and , 𝐵1𝐵1
† − 𝑞1

2𝐵1
† 𝐵1 =  𝑞2

2�̂�  … (12)

 

 

Table 2  𝒒𝟏, 𝒒𝟐-Deformed Number with 

Correspondi- Ng Numerical Values 

[𝜶]𝒒𝟏,𝒒𝟐
 

[𝜶]𝒒𝟏,𝒒𝟐
in terms of  

𝒒𝟏, 𝒒𝟐 

[𝜶]𝒒𝟏,𝒒𝟐
in 

terms of 

μ, 𝝈 

 

𝝁
=

𝝈
=

𝟏
 

 

[𝟎]𝒒𝟏,𝒒𝟐
 0 0 0 

[𝟏]𝒒𝟏,𝒒𝟐
 1 1 1 

[𝟐]𝒒𝟏,𝒒𝟐
 𝑞1

2 + 𝑞2
2 𝜇 1 

[𝟑]𝒒𝟏,𝒒𝟐
 𝑞1

4 + 𝑞1
2𝑞2

2 + 𝑞2
4 𝜇2 + 𝜎 2 

[𝟒]𝒒𝟏,𝒒𝟐
 𝑞1

6 + 𝑞1
4𝑞2

2 + 𝑞1
2𝑞2

4 + 𝑞2
6 𝜇2 + 2 𝜇𝜎 3 

 

But, if we consider the limit, 𝑞1 = √𝑞, and 𝑞2 = 1 , 

we obtain single parameter AC-type bosonic 𝑞 -

oscillator whereas for the limit 𝑞1 = √𝑞,  𝑞2 = 1 𝑞1⁄   

the above formulation reduces to BM type bosonic 𝑞-

oscillator as mentioned in ref. [17]. Most importantly, 

with the limit  𝑞1 =  𝑞2 = 1, the bosonic Fibonacci 

oscillator algebra changes the form to undeformed 

bosonic oscillator algebra. 

1.3 Preliminaries of two-parameter Fibonacci 

Calculus  

In this section, we will display all the basic features 

of two-parameter or 𝑞1, 𝑞2 -deformed Fibonacci 

calculus which are essential to explore our problem. 

Considering (8) and (9), the transformation from 

Fock observables to the configuration space (in 1D) 

will be written as, 

𝐴† → 𝑥, 𝐴 → �̂�(𝑞1,𝑞2),𝑥 . … (13) 

Here, 𝔇(𝑞1,𝑞2),𝑥 is modified two parameter Fibonacci 

difference operator that can be represented as, 

�̂�(𝑞1,𝑞2),𝑥 ≡
𝑞1

2 − 𝑞2
2

2 ln(𝑞1 𝑞2⁄ )
 �̂�(𝑞1,𝑞2),𝑥

=  𝑄(𝑞1, 𝑞2)�̂�(𝑞1,𝑞2),𝑥.                                     . . . (14)

 

Where, 𝑄(𝑞1, 𝑞2) =  
𝑞1

2−𝑞2
2

2 ln(𝑞1 𝑞2⁄ )
  , and �̂�(𝑞1,𝑞2),𝑥  is the 

Fibonacci differential operator. For any analytic 

function 𝑔(𝑥) , �̂�(𝑞1,𝑞2),𝑥𝑔(𝑥) can be written as, 

�̂�(𝑞1,𝑞2),𝑥𝑔(𝑥) =  
𝑓(𝑞1

2𝑥) − 𝑓(𝑞2
2𝑥)

(𝑞1
2 − 𝑞2

2)𝑥
. … (15) 

�̂�(𝑞1,𝑞2),𝑥 also obeys the Leibnitz rule as, 

�̂�(𝑞1,𝑞2),𝑥[𝑓(𝑥)𝑔(𝑥)] = 𝑓(𝑞1
2𝑥)[�̂�(𝑞1,𝑞2),𝑥𝑔(𝑥)]

+𝑔(𝑞2
2𝑥)[�̂�(𝑞1,𝑞2),𝑥𝑓(𝑥)].

 

And �̂�(𝑞1,𝑞2),𝑥(𝑥𝑛) can be written as, 

�̂�(𝑞1,𝑞2),𝑥(𝑥𝛼) = 𝑄(𝑞1, 𝑞2)[𝛼](𝑞1,𝑞2)𝑥𝛼−1.  

… (16) 

Note that, the Taylor expansion of a function 𝑔(𝑥) 

about any point 𝑎 in this formalism is written as 

𝑔(𝑥) = 𝑔(𝑎) + (𝑥 − 𝑎)[�̂�(𝑞1,𝑞2),𝑥𝑔(𝑥)]
𝑥=𝑎

+
(𝑥 − 𝑎)2

[2]𝑞1,𝑞2
!

[𝔇(𝑞1,𝑞2),𝑥
2 𝑔(𝑥)]

𝑥=𝑎
+ ⋯ … (17)
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The two parameters (𝑞1, 𝑞2) −deformed exponential 

function can be written as, 

𝑒𝑞1,𝑞2
𝑥 = ∑

𝑥𝑟

[𝑟]𝑞1,𝑞2
!

∞

𝑟=0

 . … (18) 

 

From (18), two parameters (𝑞1, 𝑞2) − deformed 

trigonometric function can be introduced by using the 

relation, 

𝑒𝑞1,𝑞2
𝑖𝑥 = 𝒞𝑞1,𝑞2

(𝑥) + 𝑖𝒮𝑞1,𝑞2
(𝑥) . … (19) 

Where, 

𝒞𝑞1,𝑞2
(𝑥) = ∑(−1)𝑛

𝑥2𝑟

[2𝑟]𝑞1,𝑞2
!

∞

𝑟=0

  ,

 and 𝒮𝑞1,𝑞2
(𝑥) = ∑(−1)𝑛

𝑥2𝑟+1

[2𝑟 + 1]𝑞1,𝑞2
!

∞

𝑟=0

  … (20)

 

More interestingly, 

�̂�(𝑞1,𝑞2),𝑥(𝑒𝑞1,𝑞2
±𝑘𝑥 ) = ±𝑘(𝑒𝑞1,𝑞2

±𝑘𝑥 ) … (21) 

And, 

∫(𝑒𝑞1,𝑞2
±𝑘𝑥 )𝑑𝑞1,𝑞2

𝑥 =  
1

±𝑘
[(𝑒𝑞1,𝑞2

±𝑘𝑙 − 1]

𝑙

0

 … (22) 

In (21), (22) 𝑘 is a constant. Remarkable that, any 

function 𝑓(𝑥) in such a formalism will be periodic 

if, 

𝑓(𝑞1
2𝑥) − 𝑓(𝑞2

2𝑥) = 0 

⇒ 𝑓(𝑞1
2𝑥) = 𝑓(𝑞2

2𝑥) . … (23)
 

But it is easy to understand that for 𝑞1 = 𝜉, 𝑞2 =
− 1 𝜉⁄ , this function will be exactly 𝑞-periodic. In 

such a case,  

𝒮𝜉,−1 𝜉⁄ (𝑥) =  𝑠𝑖𝑛[(𝜋 𝑙𝑛𝜉⁄ )𝑙𝑛|𝑥|], 

with the period 𝜉𝑛, for 𝑛 = 0,1,2, … 

There are basically three types of infinite potential 

box problem in quantum mechanics. Here, for 

simplicity, we consider asymmetric square well 

problem and suppose a particle of mass 𝑚 is confined 

to move inside an infinitely deep well with the 

following potential 

 

Figure 1 Plot of Two Parameter Deformed 

Exponential, Sine and Cosine Function Using 

Python. Here the Functions Are Plotted for 

Different Values Of 𝒒𝟏, 𝒒𝟐 
 

2. Quantum Mechanics In (𝒒𝟏, 𝒒𝟐)-Deformed 

Framework 

In (𝑞1, 𝑞2) −deformed framework, the momentum, 

position operator and their commutation relation are 

found to be 

�̂� = −𝑖ℏ�̂�(𝑞1,𝑞2),𝑥, �̂� = 𝑥,

and  [�̂�, �̂�] = 𝑖ℏ𝑄( 𝑞1, 𝑞2). … (24)
 

Then, the (𝑞1, 𝑞2) − deformed uncertainty relation 

will be, 

∆�̂�∆�̂� = 𝑄(𝑞1, 𝑞2)
ℏ

2
(25) 

Accordingly, (𝑞1, 𝑞2) − deformed time-dependent 

Schr�̈�dinger equation in terms of Hamiltonian and 

Energy operator will be, 

https://irjaeh.com/
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ℋ̂𝑞1,𝑞2
𝛷𝑞1,𝑞2

(𝑥, 𝑡) = �̂�𝛷𝑞1,𝑞2
(𝑥, 𝑡) (26) 

Using �̂� =  𝑖ℏ
𝜕𝛷𝑞1,𝑞2

𝜕𝑡
 in (26), we obtain, 

 

[−
ℏ2

2𝑚
�̂�(𝑞1,𝑞2),𝑥

2 + 𝑉(𝑥)] 𝛷𝑞1,𝑞2
(𝑥, 𝑡) = 𝑖ℏ

𝜕𝛷𝑞1,𝑞2

𝜕𝑡
 

(27)  
 

Here, 𝛷𝑞1,𝑞2
(𝑥, 𝑡)  is  (𝑞1, 𝑞2) − deformed wave 

function. Moreover, the scalar product in deformed 

Hilbert space is defined as  

⟨𝛷|𝛹⟩𝑞1,𝑞2
= ∫ 𝛷

+[∞]𝑞1,𝑞2

−[∞]𝑞1,𝑞2

(𝑥, 𝑡)𝛹(𝑥, 𝑡)𝑑𝑞1,𝑞2
𝑥,

= ∫ 𝛷

+∞

−0

(𝑥, 𝑡)𝛹(𝑥, 𝑡)𝑑𝑞1,𝑞2
𝑥. (28)

 

And the expectation value of any (𝑞1, 𝑞2) −deformed 

operator �̂� will be, 

〈�̂�〉 = ∫ 𝛷

+∞

−∞

(𝑥, 𝑡) �̂�𝛹(𝑥, 𝑡)𝑑𝑞1,𝑞2
𝑥, (29) 

3. Infinite Potential Well Problem in Fibonacci 

Calculus 

There are basically three types of infinite potential 

box problem in quantum mechanics. Here, for 

simplicity, we consider asymmetric square well 

problem and suppose a particle of mass 𝑚 is confined 

to move inside an infinitely deep well with the 

following potential 

𝑉(𝑥) = {
+∞,                𝑥 < 0

0, 0 ≤ 𝑥 ≤ 𝑙
+∞,               𝑥 > 𝑙

   (30)    

In order to study this problem in view of 

(𝑞1, 𝑞2) − deformed calculus, we consider the 

Schr �̈� dinger equation as written in (26) and 

rearranging, we obtain, 

(�̂�(𝑞1,𝑞2),𝑥
2 +  𝜅2)𝛷𝑞1,𝑞2

(𝑥) = 0 … (31) 

Here, 𝜅 = √2𝑚𝑉 ℏ2⁄  . Now, Considering, 

𝛷𝑞1,𝑞2
(𝑥) = ∑ 𝑏𝛼𝑥𝛼

∞

𝛼=0

 , … (32) 

and using (16), we can easily find out 

�̂�(𝑞1,𝑞2),𝑥
2 𝛷𝑞1,𝑞2

(𝑥)  using (32) . Then after 

substituting �̂�(𝑞1,𝑞2),𝑥
2 𝛷𝑞1,𝑞2

(𝑥) , 𝛷𝑞1,𝑞2
(𝑥)  in (31) 

and considering  , [0]𝑞1,𝑞2
= 0, [1]𝑞1,𝑞2

= 1,  we 

obtain, 

𝑄2 ∑ 𝑏𝛼+2[𝛼 + 2]𝑞1,𝑞2
[𝛼 + 1]𝑞1,𝑞2

𝑥𝛼

∞

𝛼=0

= 

−𝜅2 ∑ 𝑏𝛼𝑥𝛼

∞

𝛼=0

 … (33)

 

Hence, setting 𝜅2 𝑄2⁄ =  𝓀2 , and comparing both 

sides of (33) for different powers of  𝑥𝛼, we found, 
𝛷𝑞1,𝑞2

(𝑥)  can be written as sum of two infinite 

series where 𝑏0 , 𝑏1  are to be determined from 
proper boundary conditions. 

𝛷𝑞1,𝑞2
(𝑥) = 𝑏0 ∑(−1)𝑛

(𝓀𝑥)2𝑛

[2𝑛]𝑞1,𝑞2
!

∞

𝑛=0

+ 𝑏1 ∑(−1)𝑛
(𝓀𝑥)2𝑛+1

[2𝑛 + 1]𝑞1,𝑞2
!

∞

𝑛=0

 . … (34)

 

Hence, 
𝛷𝑞1,𝑞2

(𝑥) = 𝑏0𝒞𝑞1,𝑞2
(𝓀𝑥) + 𝑏1𝑆𝑞1,𝑞2

(𝓀𝑥) … (35) 

 

Now from the boundary condition 𝛷𝑞1,𝑞2
(𝑥 = 0) =

0, we can easily write 𝑆𝑞1,𝑞2
(𝓀𝑥) = 0 because either 

from (36)  at  𝑥 = 0, 𝑆𝑞1,𝑞2
(𝓀𝑥) = 0  unambiguously 

or from Figure 1 it is clear that 𝑆𝑞1,𝑞2
(𝓀𝑥) = 0 at 𝑥 =

0. Thus, 𝑏0 = 0 and the wave function 𝛷𝑞1,𝑞2
(𝑥) will 

be, 
𝛷𝑞1,𝑞2

(𝑥) = 𝑏1𝑆𝑞1,𝑞2
(𝓀𝑥) … (36) 

3.1 Numerical Analysis 

Now, as 𝑆𝑞1,𝑞2
(𝓀𝑥)  is an infinite series, it is 

impossible to find out any periodicity within it as well 

as it is also difficult to find proper numerical 

interpretation. In order to discuss it numerically, we 

suppose a limiting condition 𝑞1 = 𝜉, 𝑞2 = −1 𝜉⁄ . 

Hence, the wave function can be written as, 

𝛷𝑞1,𝑞2
(𝑥) = 𝑏1𝑆𝜉,−1 𝜉⁄ (𝓀𝑥) =  𝑠𝑖𝑛 [

𝜋

ln𝜉
𝑙𝑛|𝑥|]. 

… (37) 

And the normalized wave function will be  

𝛷𝑞1,𝑞2
(𝑥) = √

2

𝑙
[

1

 1 − 𝑓(𝓀𝑙)
]  𝑠𝑖𝑛 [

𝜋

ln𝜉
𝑙𝑛|𝑥|]. 

… (38) 
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 Where, 𝑓(𝓀𝑙) = [
{𝑣 sin(𝑣𝑙𝑛|𝓀𝑙|)+𝑐𝑜𝑠(𝑣𝑙𝑛|𝓀𝑙|)}

1+(𝑣)2 ] , and 

𝑣 =
2𝜋

ln𝜉
, In addition, considering the properties of 

wave function and remembering the periodicity of 

(𝜉, 1 𝜉⁄ ) −deformed  𝑆𝑞,1 𝑞⁄ , we obtain the energy 

eigen value as, 

𝐸𝜉,𝑛 =
ℏ2

2𝑚𝑙2
(

𝜉2 − 1 𝜉2⁄

4 ln(𝜉)
)

4

𝜉2𝑛 (39) 

It is different from the conventional expression 𝐸𝑛 =
ℏ2

2𝑚𝑙2
𝑛2. 

 

 
Figure 2 Plot of 𝑬𝝃,𝒏 and 𝑬𝒏for 𝒏 = 𝟏 to 𝟓 

 

In Figure 2, we consider, 𝑚 = ℏ = 1 and the energy 

of deformed levels is dependent on both 𝑛 , and 𝜉. All 

the blue pentagonal points are indicating the energy 

of the concerned levels (with 𝜉=1.89) which are very 

closer to cross points. From Figure 3, it is clear that 

the deformation is more in higher energy levels. 

 

 

Figure 3 Plot of 𝑬𝝃,𝒏 =
ℏ𝟐

𝟐𝒎𝒍𝟐
(

𝝃𝟐−𝟏 𝝃𝟐⁄

𝟒 𝐥𝐧(𝝃)
)

𝟒

𝝃𝟐𝒏 for 

different values of 𝝃 

 

But, if we consider 𝑞1 = √𝜉,  𝑞2 = −1 𝑞1⁄  ,then 

  

 

Figure 4 Plot of 𝑬𝝃,𝒏 =
ℏ𝟐

𝟐𝒎𝒍𝟐 (
𝝃−𝟏 𝝃⁄

𝟐 𝐥𝐧(𝝃)
)

𝟒

𝝃𝟐𝒏 for 

𝝃 = 𝟐. 𝟒𝟑 and 𝑬(𝒄𝒐𝒏𝒗𝒆𝒏𝒕𝒊𝒐𝒏𝒂𝒍) =
ℏ𝟐

𝟐𝒎𝒍𝟐 𝒏𝟐for energy up to fifth energy levels 

 

From Figure 4 it is clear that, at ξ=2.43, the deformed 

energy values become nearly equal to the 

conventional energy values for each level. It is also to 

be noticed that for larger values of ξ, energy 

associated with different energy levels are greater 

which indicates a change in the mass value. Basically, 

it is supposed to be the effective mass of the particle 

confined in the infinite potential box as indicated 

analytically in ref. [12]. Thus, here ξ can be treated as 

a fitment parameter for calculating effective mass of 

any particle confined in an asymmetric infinite 

potential box.  

Conclusion  

In last few years, a number of deformed schemes 

have been introduced to understand conventional 

quantum mechanics, non-extensive statistical 

mechanics, and condensed matter physics. Fibonacci 

anyons, a type of quasiparticle present in 2-D 

materials can also be studied theoretically with 

deformed q-calculus. It is important to note that very 

recently, in ref. [16], it is claimed that anyons may be 

used to encode and manipulate information securely 
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with the use of quantum gates which is useful to 

explore much more about intermediate-scale 

quantum processors. On the basis of two parameter 

Fibonacci calculus or 𝑞1, 𝑞2 -deformed calculus, at 

first, we have solved Schro ̈dinger equation which 

describes the position of a particle inside an 

asymmetric infinite quantum well. It is observed that 

within the limit 𝑞1 → 1, 𝑞2 → 1 , all the obtained 

results turned to their conventional form as expected. 

Then, considering two special situations, 𝑞1 = 𝜉,

𝑞2 = −1 𝜉⁄ , 𝑞1 = √𝜉,  𝑞2 = −1 𝑞1⁄ and using the 

periodicity of 𝑞1, 𝑞2 -deformed sine and cosine 

functions, we graphically plot the deformed energy 

with quantum numbers. It is observed that, the 

deformation of energy values is larger for higher 

quantum states and for any particular energy level 

this deformation is may be due to the varying 

effective mass of the confined particle which is a 

matter of further investigation. However, this 

formalism may be useful to study a number of 

potential problems of quantum mechanics to explore 

more insightful observations. Moreover, this can add 

a good pedagogical example of contemporary 

mathematical physics as well as theoretical 

chemistry. 
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