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Abstract    

Synchronization of two complex identical systems using nonlinear control is presented by this paper. For 

emphasis on the chaos behavior, initial conditions sensitivity and Lyapunov exponent is calculated. For the 

synchronization of the complex master and slave system, the nonlinear control method is proposed effectively. 
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1. Introduction 

After the pioneering work on chaos control [1-2], 

synchronization has attracted wide attention. 

Generally, two systems are used in synchronization 

one master as an input system and the other slave as 

an output System. Synchronization has become a 

very active area of interest in nonlinear science and 

also in the area of applied mathematics and 

automation engineering [7-13]. Many more 

applications as secure communication [3-6] the topic 

of synchronization has various applications. 

Different effective methods are used for the different 

chaotic systems which are based on the different 

methods recently back stepping and active control 

methods have gained popularity in the area of 

synchronization as these methods are more powerful 

and effective. Through the transmission of the signal, 

the trajectory of the slave system approaches 

asymptotically to the trajectory of the master system 

which is the input system so that the error dynamics 

converge to zero [14-16]. When several single 

oscillators are coupled together then a complicated 

system is obtained. For the study of these types of 

oscillators complex variables are used which are 

more convenient. Based on the Lyapunov function 

for the determination of the controllers the nonlinear 

control technique is used and also for synchronizing 

two identical complex chaotic systems. The paper is 

planned as: In section I1 Design of nonlinear control 

method. In section III, System description and 

nonlinear control method are used for the 

synchronization of two identical complex systems. 

Simulation agreements are shown in section IV 

which presents the proposed system as efficient. 

Lyapunov exponents of the dynamical system are 

shown in Figure 1. 

1.2 Design of a controller system 
By using the relation consider the master system 

𝑥1̇ =𝐴1𝑥1 + 𝑔1(𝑥1)          

Where 𝑥1 (t) is the state vector f n- dimensionof the master 

system,  𝐴1 ∈  𝑅𝑛∗𝑛  is the system parameters matr , and 

the function  𝑔1(𝑥1):  𝑅𝑛 →  𝑅𝑛  is a nonlinear function. 

The slave system is defined as by adding the control input 

vector 

𝑥2̇ =𝐴2𝑥2 + 𝑔2(𝑥2) + 𝑢 

Where 𝑥2 (t) is the state vector of n- dimension of the slave 

system,  the slave system parameters matrix  is 𝐴2 ∈
 𝑅𝑛∗𝑛, and the function  𝑔2(𝑥2):  𝑅𝑛 →  𝑅𝑛  is a nonlinear 

function.when the two chaotic systems are identical the 

𝐴1 = 𝐴2 and  𝑔1(𝑥1) = 𝑔2(𝑥2) but when the system is not 

identical then 𝐴1 ≠ 𝐴2 and also 𝑔1(𝑥1) ≠ 𝑔2(𝑥2) 

By using the master and slave equations consider the error 

dynamical system 

 �̇� = 𝐴2𝑥2 + 𝑔2(𝑥2) + 𝑢 −(𝐴1𝑥1 + 𝑔1(𝑥1)), where 𝑒 =
𝑥2 − 𝑥1 is the error state vector. The considered problem 

is to design an appropriate controller 𝑢 thet rajectory of the 
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slave system asymptotically approaches to the master 

system. When error vector is converges to zero as time 

goes to infinity the synchronization is obtained. Consider 

the error function in terms of Lyapunov  

 𝑣(𝑒)̇ = 
1

2
𝑒𝑡𝑒 

Here the positive definite function is  𝑣(𝑒)̇ . For obtaining 

the synchronization the controller u is selected in such a 

way that 𝑣(𝑒)̇ < 0, then. Assume that the states of input 

and output system are measurable and parameters are 

known. 

2. System Description and Synchronization of 

Two Identical Systems 
The Rossler system [15] is given by Rossler for 

verification of effectiveness of chaos control technique 

The coupled non-linear differential equation is 

𝑥1̇ =  𝛼(𝑥2 − 𝑥1) 

𝑥2̇ =(𝛶 − 𝛼)𝑥1 −𝑥1𝑥3 + 𝛶𝑥2 

𝑥3̇ = −β𝑥3 −δ𝑥4 +𝑥1𝑥2 

𝑥4̇ = −𝑑𝑥4 + 𝑓𝑥3 + 𝑥1𝑥2      

           

Now replace the real variable of the system (𝑥1, 𝑥2, 𝑥3, 𝑥4)   

by the complex variables 

 𝑥1 = 𝑋1 + ℹ 𝑋2 

 𝑥2 = 𝑋3 + ℹ 𝑋4 

 𝑥3 = 𝑋5 + ℹ 𝑋6 

 𝑥4 = 𝑋7 + ℹ 𝑋8                            (1.1) 

 

We will get the following complex system 

𝑥1̇ =  𝛼(𝑥3 − 𝑥1) 

𝑥2̇ =  𝛼(𝑥4 − 𝑥2) 

𝑥3̇ =(𝛶 − 𝛼)𝑥1 −𝑥1𝑥5 + 𝛶𝑥3 

𝑥4̇ =(𝛶 − 𝛼)𝑥2 −𝑥2𝑥6 + 𝛶𝑥4 

𝑥5̇ = −β𝑥5 −δ𝑥7 +𝑥1𝑥3 

𝑥6̇ = −β𝑥6 −δ𝑥8 +𝑥2𝑥4 

 𝑥7̇ = −𝑑𝑥7 + 𝑓𝑥5 + 𝑥1𝑥3 

  𝑥8̇ = −𝑑𝑥8 + 𝑓𝑥6 + 𝑥2𝑥4               (1.2) 

 

System (1.2) is considered a master system and the matrix 

for the system i 

 

The slave that is the output system is 

𝑦1̇ =  𝛼(𝑦3 − 𝑦1)+ 𝑢1 

𝑦2̇ =  𝛼(𝑦4 − 𝑦2)+ 𝑢2 

𝑦3̇ =(𝛶 − 𝛼)𝑦1 −𝑦1𝑦5 + 𝛶𝑦3+𝑢3 

𝑦4̇ =(𝛶 − 𝛼)𝑦2 −𝑦2𝑦6 + 𝛶𝑦4+𝑢4 

𝑦5̇ = −β𝑦5 −δ𝑦7 +𝑦1𝑦3+𝑢5 

𝑦6̇ = −β𝑦6 −δ𝑦8 +𝑦2𝑦4+𝑢6 

 𝑦7̇ = −𝑑𝑦7 + 𝑓𝑦5 + 𝑦1𝑦3+ 𝑢7 

 𝑦8̇ = −𝑑𝑦8 + 𝑓𝑦6 + 𝑦2𝑦4 +𝑢8              (1.3) 

 

Where 𝑢 = [𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8]𝑇 is the control 

input vector to be determined and 𝑇 is the transpose. 

Trajectory of slave system asymptotically approaches to 

that of master system, we wish to estimate appropriate 

nonlinear controller 𝑢𝑖 where 𝑖 = 1,2,3, … . .8. Now 

consider the error dynamical system is 

 

 𝑒𝑖=̇ 𝑦𝑖 − 𝑥𝑖        i=1, 2, .8                    (1.4) 

𝑒𝑖=̇ 𝑦1 − 𝑥1 

 𝑒𝑖=̇ 𝛼(𝑦3 − 𝑦1)+ 𝑢1 − [ 𝛼(𝑥3 − 𝑥1)] 
 𝑒𝑖=̇ 𝛼(𝑒3 − 𝑒1)+ 𝑢1 

𝑒2=̇  𝑦2 − 𝑥2 

 𝑒2=̇  𝛼(𝑦4 − 𝑦2)+ 𝑢2 − [  𝛼(𝑥4 − 𝑥2)] 
 𝑒2=̇  𝛼(𝑒4 − 𝑒2)+ 𝑢2 

𝑒3=̇  𝑦3 − 𝑥3 

 𝑒3=̇ (𝛶 − 𝛼)𝑦1 −𝑦1𝑦5 + 𝛶𝑦3+𝑢3 − [(𝛶 − 𝛼)𝑥1 −𝑥1𝑥5 +
𝛶𝑥3] 
 𝑒3=̇ (𝛶 − 𝛼)𝑒1 − 𝑦1𝑦5 + 𝛶𝑒3+𝑢3 − 𝑥1𝑥5 

𝑒4=̇  𝑦4 − 𝑥4 

 𝑒4=̇ (𝛶 − 𝛼)𝑦2 −𝑦2𝑦6 + 𝛶𝑦4+𝑢4 − [(𝛶 − 𝛼)𝑥2 −𝑥2𝑥6 +
𝛶𝑥4] 
 𝑒4=̇ (𝛶 − 𝛼)𝑒2 −𝑦2𝑦6 + 𝛶𝑒4+𝑢4 − 𝑥2𝑥6 

𝑒5=̇  𝑦5 − 𝑥5 

 𝑒5=̇ −β𝑦5 −δ𝑦7 +𝑦1𝑦3+𝑢5 − [−β𝑥5 −δ𝑥7 +𝑥1𝑥3] 
𝑒6=̇  𝑦6 − 𝑥6 

 𝑒6=̇ −β𝑦6 −δ𝑦8 +𝑦2𝑦4+𝑢6 − [−β𝑥6 −δ𝑥8 +𝑥2𝑥4] 
 𝑒6=̇ −β𝑒6 −δ𝑦8 +𝑦2𝑦4+𝑢6 − 𝑥2𝑥4 

𝑒7=̇  𝑦7 − 𝑥7 

 𝑒7=̇ − 𝑑𝑦7 + 𝑓𝑦5 + 𝑦1𝑦3+ 𝑢7 − [−𝑑𝑥7 + 𝑓𝑥5 + 𝑥1𝑥3] 
 𝑒7=̇  𝑑𝑒7 + 𝑓𝑒5 + 𝑦1𝑦3+ 𝑢7 − 𝑥1𝑥3 

𝑒8=̇  𝑦8 − 𝑥8- 

 𝑒8=̇ − 𝑑𝑦8 + 𝑓𝑦6 + 𝑦2𝑦4 +𝑢8 − [−𝑑𝑥8 + 𝑓𝑥6 + 𝑥2𝑥4] 
 𝑒8=̇ − 𝑑𝑒8 + 𝑓𝑒6 + 𝑦2𝑦4+𝑢8 − 𝑥2𝑥4                         (1.5)             

 

This error system can be considered as control problem 

with the control input vector 𝑢𝑖 Consider the Lyapunov 

function 
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𝑣(𝑒)̇ = 
1

2
𝑒𝑡𝑒                                                               (1.6) 

 

In order to make (1.6) negative, the controllers 𝑢𝑖 are 

 𝑢1 = 2𝛼𝑒1 − 𝛼𝑒3 

 𝑢2 = 2𝛼𝑒2 − 𝑎𝑒4 

 𝑢3 = −[𝛾 − 𝛼]𝑒1 + 𝑦1𝑦5 + 𝑥1𝑥5 + (1 − 𝛾)𝑒3 

 𝑢4 = −[𝛾 − 𝛼]𝑒2 + 𝑦2𝑦6 + 𝑥2𝑥6 + (1 − 𝛾)𝑒4 

 𝑢5 = 𝛿𝑒7 − 𝑦1𝑦3 + 𝑥1𝑥3 + (1 + 𝛽)𝑒5 

𝑢6 = 𝛿𝑒8 − 𝑦2𝑦4 + 𝑥2𝑥4 + (1 + 𝛽)𝑒6 

𝑢7 = −𝑓𝑒5 − 𝑦1𝑦3 + 𝑥1𝑥3 + (1 + 𝑑)𝑒7 

𝑢8 = −𝑓𝑒6 − 𝑦2𝑦4 + 𝑥2𝑥4 + (1 + 𝑑)𝑒8                 (1.7) 

 

By using appropriate controllers 𝑢𝑖 the equation (1.6) 

becomes 

 𝑣(𝑒)̇ = −𝛼𝑒1
2 − 𝑎𝑒2

2 − 𝑒3
2 − 𝑒4

2 − 𝑒5
2 − 𝑒6

2 − 𝑒7
2 −

𝑒8
2  < 0                                                           (1.8) 

Since the function 𝑣(𝑒)̇  is a negative definite function and 

the error state lim
𝑡→∞

||𝑒(𝑡)|| = 0, approaching 

synchronization of master slave system.  

 

The final slave system by using the equations (1.7) is 

𝑦1̇ =  𝛼(𝑥3 − 2𝑥1 + 𝑦1) 

𝑦2̇ =  𝛼(𝑥4 − 2𝑥2 + 𝑦2) 

𝑦3̇ = 𝛾(𝑥1 + 𝑥3) +𝑥1𝑥5 + 𝑦3 − 𝑥3 + 𝛼𝑥1 

𝑦4̇ =  𝛾(𝑥2 + 𝑥4) +𝑥2𝑥6 + 𝑦4 − 𝑥4 + 𝛼𝑥2 

𝑦5̇ = −𝑥5 −δ𝑥7 +𝑥1𝑥3+𝑦5 

𝑦6̇ = −β𝑥6 −δ𝑥8 +𝑥2𝑥4+𝑦6 

 𝑦7̇ = −𝑑𝑥7 + 𝑓𝑥5 + 𝑥1𝑥3+ 𝑦7−𝑥7 

 𝑦8̇ = −𝑑𝑥8 + 𝑓𝑥6 + 𝑥2𝑥4+𝑦8 − 𝑥8                 (1.9)                                         

3. Numerical Simulation 
The initials conditions are 𝑥(0) =
(0.1,0,0.1,1,0.1,1,0.1,1)𝑇  and 𝑦(0) =
 (0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1)𝑇   of two equations (1.2) 

and (1.9) and the values of  (𝛼, 𝛽, 𝛾, 𝛿, 𝑑, 𝑓) as 

(10,10,20,10,10,10)  are selected in such a way that the 

system is solved numerically By using the MATLAB . 

Figure 3(a) to 3(d) shows the error dynamics with time t, 

shows that error system converges to zero and the two 

system are  synchronized. Figure 4 (a) to 4(d) shows the 

time series of signals between 𝑥𝑖 and 𝑦𝑖 where 𝑖 =
1,2, … .8. Figure 2(a) to 2(e) shows the chaotic behaviour 

of the system (1.2) for the values of  𝛼, 𝛽, 𝛾, 𝛿, 𝑑, 𝑓)  as  

(10,10,
8

3
,10,10,10) 

 
Figure 1 Lyapunov exponents of dynamical system 

 

 
Figure 2(a) Chaotic behavior of the system between 

                                                        𝒙𝟏,𝒙𝟑,𝒙𝟓 

 

 

Figure 2(b) The Chaotic nature of the system 

between 𝒙𝟏,𝒙𝟑,𝒙𝟖 
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Figure 2(c) The chaotic nature between  𝒙𝟏,𝒙𝟑, 

 
Figure 2(d) The chaotic nature between the 𝒙𝟏,𝒙𝟓 

 
Figure 2(e) The chaotic nature between the 

system  𝒙𝟏,𝒙𝟖 

 
Figure 3(a) The Error behavior between  𝒆𝟏 and  𝒆𝟐 

 

Figure 3(b) The Error behavior between 𝒆𝟑 and  𝒆𝟒 

 
Figure 3(c) The Error behavior between  𝒆𝟓and 𝒆𝟔 

-10 -5 0 5 10 15 20 25 30
-60

-50

-40

-30

-20

-10

0

10

20

x1

x
3

-10 -5 0 5 10 15 20 25 30
-20

-10

0

10

20

30

40

x1

x
5

-10 -5 0 5 10 15 20 25 30
-20

-10

0

10

20

30

40

x1

x
8

0 2 4 6 8 10 12
0

2

4

6

8

10

12

14
x 10

51

e1

e
2

0 2 4 6 8 10 12
0

2

4

6

8

10

12

14

16

18
x 10

103

e3

e
4

0 2 4 6 8 10 12
0

2

4

6

8

10

12

14

16

18
x 10

4

e5

e
6

https://irjaeh.com/


 

 

International Research Journal on Advanced Engineering Hub (IRJAEH) 

e ISSN: 2584-2137 

Vol. 02 Issue: 02 February 2024 

Page No: 87 - 92  

https://irjaeh.com 
 

 

    

International Research Journal on Advanced Engineering Hub (IRJAEH) 
                         

91 

 

 
Figure 3(d) The Error behavior between  𝒆𝟕 and 𝒆𝟖 

  
Figure 4(a)  Synchronization  between 𝒙𝟏 and  

𝒚𝟏 with time t 

 
Figure 4(b) Synchronization between  𝒙𝟑 and 𝒚𝟑 with 

time t 

 
Figure 4(c) Synchronization between 𝒙𝟓 and 𝒚𝟓 with 

time t 

 
Figure 4(d)   Synchronization between 𝒙𝟖 and  𝒚𝟖 

with time t 

Conclusion 
Two identical complex system are synchronized using  

nonlinear  control method [17]. The initial conditions 

sensitivity and maximal Lyapunov exponent and are 

calculated to show the chaotic behavior of that system. 

Many systems as Lorenz system, Rössler system used 

the technique which is effective and convenient for 

synchronization. Numerical calculation shows good 

agreement to the analytical results.  
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